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LAGRANGIAN WARPED PRODUCT IMMERSIONS IN S6
MARILENA MORUZ
Abstract. We study Lagrangian immersions in the nearly Ka¨hler S6 which are warped product
manifolds of a 1-dimensional base and a surface. Apart from the totally geodesic ones, they are
either of constant sectional curvature 1
16
or they satisfy equality in Chen’s inequality, in which
case the immersion is given explicitly.
1. Introduction
The interest in the study of S6 dates back to 1955 with the results of A. Fro¨licher ([20]) and
Fukami and Isihara ([21]), where an almost Hermitian structure was presented on S6 and which
led to showing that S6 is actually a nearly Ka¨hler manifold. More recent results of J.-B. Butruille
([6]) and P.-A. Nagy ([24]) strengthened the importance of the nearly Ka¨hler S6. It appears as
one of the four classes of homogeneous nearly Ka¨hler manifolds of dimension 6, in the context of
the structure theorem of P.-A. Nagy.
The submanifolds of S6 have been actively investigated for many years afterwards by different
authors, with interest in various types of properties (see for example [2, 15, 18, 22, 28, 29, 30]).
A submanifold M of S6 is called almost complex if its tangent space at a point p stays tangent
under the action of the almost complex structure J . Notice that the almost complex submanifolds
must have even dimension. Moreover, Podesta` and Spiro ([27]) proved that the nearly Ka¨hler
manifolds of dimension 6 do not admit 4-dimensional almost complex submanifolds. Otherwise,
if J(TpM) ⊂ T
⊥
p M , then M is called totally real. One may notice that the dimension of a totally
real submanifold of S6 can be at most 3. In the special case when the dimension is precisely 3,
then M is called a Lagrangian submanifold and hence, J interchanges the tangent and the normal
spaces of M , that is J(TpM) = T
⊥
p M .
The study of Lagrangian submanifolds of the nearly Ka¨hler S6 is an area of interest for many
authors and gathers rich results. A fundamental result is the one of N. Ejiri ([19]) which states
that Lagrangian submanifolds in the nearly Ka¨hler S6 are always minimal and orientable. In
submanifold theory one investigates mainly the interplay between intrinsic (i.e. properties which
depend only on the submanifold and not on the immersion) and extrinsic properties (i.e. proper-
ties depending on the immersion). As such there are two different types of questions which can be
considered. Firstly, given a Riemannian manifold with certain geometric intrinsic properties one
can ask whether it can be immersed as a Lagrangian submanifold and what can be said about the
possible immersions. With this viewpoint, the first result was obtained by Ejiri, who showed ([19])
that a Lagrangian submanifold of S6 with constant sectional curvature is either totally geodesic
or has constant sectional curvature 116 . However with this type of problem often some additional
global conditions are necessary. For example, if the Lagrangian submanifold is compact and has
sectional curvature K > 116 , then it is totally geodesic ([13]). The work of K. Mashimo ([23])
classified the G2-equivariant Lagrangian submanifolds of S
6 into five models.
For the second type of questions, one typically assumes some conditions on the second funda-
mental form (extrinsic properties) and then one tries to determine all immersions satisfying these
properties. For Lagrangian submanifolds of dimension 3, many of those questions can be posed
within the framework of the paper of Bryant ([5]). Using the properties of the totally symmet-
ric cubic form < h(X,Y ), JZ > besides a generic Lagrangian submanifold, one can introduce 6
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additional special classes admitting some symmetries. For the special case of the nearly Ka¨hler
6 sphere, these classes were studied in [15], [12], [30], [22]. Note that all the examples in the
previous results are obtained starting from almost complex surfaces in S6 (of real dimension 2) or
from holomorphic surfaces in CP 2(4).
In the present paper we want to look at another question of the first type. Namely we want
to generalise the result of Ejiri to a larger class of Riemannian manifolds without imposing any
global assumptions. The class we will investigate are the so called warped product manifolds. As
it is well known such manifolds play a very important role in physics ([3], [25]). For example, the
Schwarzchild space-time relativistic model, which describes the space around a massive star or
black hole, is given as a warped product ([25], p. 364-367). In fact, the warped product also arises
naturally in string theory, in relation with the classical instability of extra spatial dimensions. In
[26], Penrose claims that the spacetime, described in the theory as a direct product of certain
manifolds, is physically unstable under small perturbations. From a mathematical point of view,
in order to deal with perturbations in this context, one would rather consider a warped product
manifold, than just a direct product manifold ([7]).
However, also in submanifold theory many of the important examples admit a warped product
structure. This can be seen, for instance, in the recent book of Chen ([9]) about the role of warped
product in submanifold theory. Note that all rotational hypersurfaces in real space forms are
warped product manifolds. The same is true for H-umbilical Lagrangian submanifolds of complex
space forms.
The present paper inquires on the case when the Lagrangian submanifold M of the 6-sphere
is of warped product type, with a specific form: M = I ×f N , where I ⊂ R and N is a surface.
We show that these submanifolds have constant sectional curvature or they are described by the
following result.
Theorem 1. Let f : N2 −→ S6(1) be a minimal (non-totally geodesic) totally real immersion in
S6 whose ellipse of curvature is a circle. Then N2 is linearly full in a totally geodesic S5. Let ~n
be a unit vector perpendicular to this S5. Then
x :
(
−
π
2
,
π
2
)
×N2 −→ S6(1)
(t, p) 7→ sin(t)~n+ cos(t)f˜(p)
is locally a totally real immersion which is warped product. Conversely, every locally warped product
Lagrangian immersion, which is not of constant sectional curvature, can be obtained in this way.
The method we use is similar to the one developed in [1] for studying affine hypersurfaces with
constant sectional curvature. In that paper, [1], the method used, even though elementary, is
called the Tsinghua principle. The same technique was also used in [17] for studying Lagrangian
submanifolds of the nearly Ka¨hler S3 × S3 with constant sectional curvature.
2. Preliminaries
The nearly Ka¨hler structure of S6. The following part gives a short description of the
nearly Ka¨hler structure of S6 (see [14]). Further references to this subject may be found in various
papers, see for example [19] or [21].
Let e0, e1, . . . , e7 denote the standard basis of R
8. A point α ∈ R8 can be written in a unique way
as α = Ae0+x, for some A ∈ R and x ∈ span{e1, . . . , e7}. Therefore, α can be viewed as a Cayley
number. We call α purely imaginary if A = 0. For x, y two purely imaginary Cayley numbers we
define the multiplication “ · ” given by: x · y = 〈x, y〉e0 + x× y, where “ × ” is defined according
to the following multiplication table.
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ej × ek 1 2 3 4 5 6 7
1 0 e3 −e2 e5 −e4 e7 −e6
2 −e3 0 e1 e6 −e7 −e4 e5
3 e2 −e1 0 −e7 −e6 e5 e4
4 −e5 −e6 e7 0 e1 e2 −e3
5 e4 e7 e6 −e1 0 −e3 −e2
6 −e7 e4 −e5 −e2 e3 0 e1
7 e6 −e5 −e4 e3 e2 −e1 0
Of course, the multiplication “ · ” is neither commutative, nor associative. Let C+ denote the set
of all purely imaginary Cayley numbers. We consider the set
S
6(1) = {x ∈ C+|〈x, x〉 = 1},
which defines the unit sphere of dimension 6 centered at the origin. The tangent space TpS
6 of S6
is given by the subspace of C+ which is orthogonal to p ∈ S
6. We define next an almost complex
structure J on TpS
6 (J is an endomorphism such that J2 = −Id ) as
JpU = p× U,
where p ∈ S6(1), U ∈ TpS
6.
Notice that the compact Lie group G2 is the group of automorphisms of C. It acts transitively on
S6(1) and preserves both J and the standard metric on S6(1).
Next, one defines G(X,Y ) := (∇˜XJ)Y, for X,Y ∈ X(S
6) and ∇˜ Levi-Civita connection on S6.
One may check that G(X,X) = 0 holds (i.e. (∇˜XJ)X = 0) and therefore we obtain that the
almost complex structure J defines a nearly Ka¨hler structure on (S6, 〈·, ·〉, J).
Lagrangian submanifolds of S6. Let M be a Lagrangian submanifold of S6 and X,Y, Z,W
tangent and ξ normal vector fields to M . The Gauss and Weingarten formulas write out as
(G) ∇˜XY = ∇XY + h(X,Y ),
(W) ∇˜Xξ = −AξX +∇
⊥ξ,
where h is the second fundamental form of M and Aξ is the shape operator of ξ. Notice that they
are related by 〈h(X,Y ), ξ〉 = 〈AξX,Y 〉 and we have as well that
AJYX = −Jh(X,Y ), ∇
⊥
XJY = G(X,Y ) + J∇XY.
The equations of Gauss, Codazzi and Ricci are
R(X,Y )Z = 〈Y, Z〉X − 〈X,Z〉Y + [AJX , AJY ]Z,(1)
(∇h)(X,Y, Z) = (∇h)(Y,X,Z),(2)
R⊥(X,Y )JZ = J [AJX , AJY ]Z.(3)
We recall that the normal curvature tensor R⊥(·, ·)· is defined as
R⊥(X,Y )ξ = ∇⊥X∇
⊥
Y ξ −∇
⊥
Y∇
⊥
Xξ −∇
⊥
[X,Y ]ξ
and the covariant derivative of h is given by
(∇h)(X,Y, Z) = ∇⊥Xh(Y, Z)− h(∇XY, Z)− h(Y,∇XZ).
The following Ricci identity holds
(∇2h)(X,Y, Z,W )− (∇2h)(Y,X,Z,W ) =
R⊥(X,Y )h(Z,W )− h(R(X,Y )Z,W )− h(Z,R(X,Y )W ),
(4)
where the second covariant derivative of h is defined as
(∇2h)(X,Y, Z,W ) =∇⊥X((∇h)(Y, Z,W )) − (∇h)(∇XY, Z,W )(5)
− (∇h)(Y,∇XZ,W )− (∇h)(Y, Z,∇XW ).
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Warped product manifolds ([9]). Let B and F be two Riemannian manifolds of positive
dimensions, endowed with Riemannian metrics gB and gF , respectively. Let f be a positive smooth
function on B. On the product manifold B × F , on which we have the natural projections
π : B × F −→ B and η : B × F −→ F,
we consider the Riemannian structure such that
(6) 〈X,Y 〉 = 〈π⋆(X), π⋆(Y )〉+ f
2(π(x))g(η⋆(X), η⋆(Y )),
for any tangent vectors X,Y ∈ TM . This way B × F becomes a warped product manifold
M = B ×f F , for which the metric g satisfies g = gB + f
2gF .
The function f is called the warping function of the warped product, B is called the base and F ,
the fiber. If f is constant, then the warped product B×f F is called trivial. In this case B×f F is
the Riemannian product B ×Ff , where Ff is the Riemannian manifold equipped with the metric
f2gF .
The leaves B × {q} = η−1(q) and the fibers {p} × F = π−1(p) are Riemannian submanifolds of
M . Vectors tangent to leaves are called horizontal and those tangent to fibers are called vertical.
Let H denote the orthogonal projection of T(p,q)M onto its horizontal subspace T(p,q)(B × {q})
and let V denote the projection onto the vertical subspace T(p,q)({p}×F ). If u ∈ TpB, p ∈ B and
q ∈ F , then the lift u¯ of u to (p, q) is the unique vector in T(p,q)M such that π⋆(u¯) = u. For a
vector field X ∈ X(B), the lift of X to M is the vector field X¯ whose value at (p, q) is the lift of
Xp to (p, q). The set of all horizontal lifts is denoted by L(B). Similarly, we denote by L(F ) the
set of all vertical lifts.
One may express the curvature tensor of the warped product manifold in terms of the warping
function and the curvature tensors of the two components B and F . For a warped product manifold
M = B ×f F , we define the lift T˜ of a covariant tensor T on B to M as the pullback π
∗(T ) via
the projection π :M −→ B. We will denote by BR and FR the lifts to M of the curvature tensors
of B and F , respectively.
Proposition 1 ([9]). LetM = B×fF be a warped product of two (pseudo-)Riemannian manifolds.
If X,Y, Z ∈ L(B) and U, V,W ∈ L(F ), then we have
(1) R(X,Y )Z ∈ L(B) is the lift of BR(X,Y )Z on B;
(2) R(X,V )Y = H
f (X,Y )
f
V ;
(3) R(X,Y )V = R(V,W )X = 0;
(4) R(X,V )W = − 〈V,W 〉
f
∇X(∇f);
(5) R(V,W )U = FR(V,W )U + 〈∇f,∇f〉
f2
{〈V, U〉W − 〈W,U〉V },
where R is the curvature tensor of M and Hf is the Hessian of f .
Chen’s ideal submaniolds. In 1993 B.-Y. Chen introduced ([8]) the Riemannian invariant
δM :M → R defined on a Riemannian manifold M of dimension n as
δM (p) = τ(p)− (inf K)(p),
where
(inf K)(p) = inf{K(π)|π is a 2-dimensional subspace of TpM},
K(π) is the sectional curvature of π and τ(p) =
∑
i<j
K(ei ∧ ej) is the scalar curvature with respect
to an orthonormal basis {e1, . . . , en} of the tangent space of M at p. Furthermore, using this
invariant, the author proved the following sharp inequality for submanifolds M of dimension n of
real space forms M˜(c˜):
(7) δM ≤
n2(n− 2)
2(n− 1)
‖H‖2 +
1
2
(n+ 1)(n− 2)c˜,
where H is the mean curvature vector field of M in M˜ and ‖H‖ is the mean curvature function.
B.-Y. Chen further investigated such submanifolds of dimension 3 for which the above inequality
becomes equality. In the case when the real space form is S6 and M is a Lagrangian submanifold,
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the inequality in (7) becomes δM ≤ 2, since Lagrangian submanifolds in S
6 are minimal and of
dimension 3.
Deszcz, Dillen, Verstraelen and Vrancken ([12]) proved that the Lagrangian submanifolds which
realize equality with δM = 2 are quasi-Einstein. In general, an n dimensional manifold is called
quasi-Einstein if its Ricci tensor has an eigenvalue of multiplicity at least n− 1.
The study of Lagrangian submanifolds with δM = 2 was started in [10] and [11]. The complete
classification of Lagrangian submanifolds in the nearly Ka¨hler 6-sphere satisfying δM = 2 was
established by Dillen and Vrancken ([15]). These also correspond to the Lagrangian submanifolds
admitting a S3 symmetry in the framework of Bryant.
The previous inequality is relevant in the general context of submanifolds theory, when trying to
find the relationship between the main intrisic invariants and the main extrinsic invariants of a
submanifold.
3. Results
We study minimal Lagrangian warped product submanifolds isometrically immersed in S6, of
the form
M = I ×f N 7→ S
6,
where I ⊂ R, f is a function defined on I and (N, g) is a surface. Note that we will sometimes
use the notation N2 to indicate that N is 2-dimensional.
Let E1 =
∂
∂t
be the unit vector tangent to I and U˜ , V˜ tangent vectors to N . Then from (6) it
follows that:
〈E1, E1〉 = 1, 〈E1, U˜〉 = 0, 〈U˜ , V˜ 〉 = f
2g(U˜ , V˜ ).
Moreover, from Proposition 1 we have:
R(E1, V˜ )E1 =
f ′′
f
V˜ ,
R(W˜ , V˜ )E1 = 0,
R(E1, V˜ )W˜ = −〈V˜ , W˜ 〉
f ′′
f
E1,
R(V˜ , W˜ )U˜ = NR(V˜ , W˜ )U˜ +
f ′2
f2
{〈V˜ , W˜ 〉W˜ − 〈W˜ , U˜〉V˜ },
where NR is the curvature tensor on N and W˜ is tangent to N .
In order to study such Lagrangian submanifolds M in S6, we will make use of the technique
introduced in [1], as the Tsinghua principle. It is described in the computations below and one
should notice that it leads to obtaining an additional formula (see equation (10)) involving the
second fundamental form, which will eventually provide new information about the warped product
submanifold. The advantage of this technique, compared with using directly the Gauss equation, is
that the resulting equations are linear in the components of the second fundamental form (instead
of quadratic). It is worth mentioning that depending on the form of the Codazzi equation of the
submanifold (notice that there is no normal part of the curvature tensor of the ambiant manifold
in (2)), the computations of the Tsinghua principle can sometimes turn out to be more lengthy or
even more complicated. However, it is not the case here (notice the zero right-hand side term in
(8)). A few other applications of this technique can be found in [16, 17].
We proceed by taking the derivative with respect to a tangent vector W ∈ T(p,q)M in the Codazzi
equation (2) and we see that
(8) (∇2h)(W,X, Y, Z)− (∇2h)(W,Y,X,Z) = 0.
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In this relation we permute cyclicallyW,X, Y and use again the Ricci identity in (4) together with
the first Bianchi identity to obtain
0 =R⊥(W,X)h(Y, Z)− h(Y,R(W,X)Z)+
R⊥(X,Y )h(W,Z)− h(W,R(X,Y )Z)+(9)
R⊥(Y,W )h(X,Z)− h(X,R(Y,W )Z).
From the equations of Gauss and Ricci we have that R⊥(X,Y )JZ = JR(X,Y )Z + 〈X,Z〉JY −
〈Y, Z〉JX . Therefore, equation (9) becomes:
0 =JR(W,X)Jh(Y, Z) + h(Y,R(W,X)Z)
JR(X,Y )Jh(W,Z) + h(W,R(X,Y )Z)(10)
JR(Y,W )Jh(X,Z) + h(X,R(Y,W )Z).
Next, we apply J and take the inner product in (9) with V ∈ T(p,q)M . We take U˜ , V˜ to form
an orthonormal basis on TqN and we choose Y = V = E1 and X = Z = U˜ , W = V˜ . As
NR(V˜ , U˜)U˜ = KN (q)
f2
(〈U˜ , U˜〉V˜ − 〈V˜ , U˜〉U˜), where KN (q) denotes the Gaussian curvature of N at
q, we get that
(KN (q)− f
′2 + ff ′′)〈AJE1E1, V˜ 〉 = 0.
Similarly, we obtain
(KN(q)− f
′2 + ff ′′)〈AJE1E1, U˜〉 = 0.
Hence, there are two cases:
(i.) KN(q)− f
′2 + ff ′′ = 0;
(ii.) KN(q)− f
′2 + ff ′′ 6= 0.
Let us treat first the case when KN (q) − f
′2 + ff ′′ = 0. By straightforward computations we
obtain that the sectional curvature of M is given by
KM (π) = −
f ′′
f
, for all 2-planes π ∈ TpM.
As dimM = 3, it follows that M has constant sectional curvature. By the results in [19] we know
that M is either totally geodesic (i.e. it has sectional curvature equal to 1) or it has constant
sectional curvature 116 (in which case, M is congruent to one of the homogeneous examples of
Mashimo, see [23]).
In the case when KN (q) − f
′2 + ff ′′ 6= 0 holds, it follows that E1 is an eigenvector of AJE1 .
We denote by E2, E3 the other eigenvectors of AJE1 , by µ1, µ2, µ3 the corresponding eigenvalues
and obtain that
Jh(E1, Ek) = µkEk, k = 1, 2, 3.
Let us now choose W = E1, X = Z = E2, Y = V = E3 in (9). It follows that
0 =(
f ′2
f2
−
f ′′
f
)〈E2, E2〉〈E3, Jh(E1, E3)〉 − (
f ′2
f2
−
f ′′
f
)〈E3, E3〉〈E2, Jh(E1, E2)〉
+ 〈NR(E2, E3)E2, Jh(E1, E3)〉+ 〈
NR(E2, E3)E3, Jh(E1, E2)〉,
which implies
0 = (µ3 − µ2)(f
′ − f ′′f −KN(q))
and, hence, µ3 − µ2 = 0. Let µ := µ2 = µ3. By straightforward computations, we obtain that
there exist local functions a, b, c, d such that
(11)
Jh(E1, E1) = µ1E1, Jh(E2, E2) = µE1 + aE2 + dE3,
Jh(E1, E2) = µE2, Jh(E2, E3) = dE2 + bE3,
Jh(E1, E3) = µE3, Jh(E3, E3) = µE1 + bE2 + cE3.
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From [29] we know that we may choose E2, E3 such that (11) holds for some functions a, b, c and
d = 0. Moreover, by minimality of M we have that µ1 = −2µ, b = −a and c = 0. Therefore,
(12)
Jh(E1, E1) = −2µE1, Jh(E2, E2) = µE1 + aE2,
Jh(E1, E2) = µE2, Jh(E2, E3) = −aE3,
Jh(E1, E3) = µE3, Jh(E3, E3) = µE1 − aE2.
Either by straightforward computations or by using Lemma 3.1. in [12], we see that the Ricci
tensor of M has one eigenvalue of multiplicity 2 and so M is, indeed, quasi-Einstein.
If M is not totally geodesic, we may distinguish two cases, as µ = 0 or µ 6= 0.
Case 1. µ = 0. We obtain that
(13)
Jh(E1, E1) = aE1, Jh(E2, E2) = −aE1,
Jh(E1, E2) = −aE2, Jh(E2, E3) = 0,
Jh(E1, E3) = 0, Jh(E3, E3) = 0,
after having renamed the vectors in the basis E1, E2, E3 ❀ E3, E1, E2. Notice that a 6= 0, E3
is tangent to I and E2, E3 are tangent to N . At this point, we should refer the reader to [10].
Given (13), we see by Lemma 6.1 in [10] that M satisfies equality in Chen’s inequality (δM = 2).
Moreover, it is shown in [8] that for a submanifold M of dimension n, with mean curvature vector
H , the following distribution
D = {X ∈ TpM |(n− 1)h(X,Y ) = n〈X,Y 〉H, ∀ Y ∈ TpM}
is integrable when it has constant dimension. In the case of our submanifold, we have D = {E3}
and therefore D⊥ = {E1, E2}. We see that the dimension of D is constant and, because of the
warped product condition, D⊥ is an integrable distribution.
Case 2. µ 6= 0. We have that (12) holds for a 6= 0. Moreover, the two distributions D and D⊥
are defined as D = {E1} (tangent to I) and D
⊥ = {E2, E3} (tangent to N). As M is a warped
product we know that D⊥ is integrable. However, from the proof of Theorem 2 in [12] we may
see that for a Lagrangian submanifold with the second fundamental form as given by (12), the Lie
bracket of E2, E3 always has a non vanishing component in the direction of E1. Therefore this
case doesn’t hold.
To conclude, the following result describes the immersion of M into S6. The starting point of the
construction is a totally real immersion of a 2-dimensional surface in S6 with ellipse of curvature
a circle. It is shown in Theorem 5.3 of [4] that such a surface is contained in a totally geodesic
S5 and by Theorem 7.2 of [4] that it can be constructed from a minimal Lagrangian surface in
CP 2(4) using an appropriate Hopf lift.
Theorem 2 ( [10] ). Let f˜ : N2 −→ S6(1) be a minimal (non-totally geodesic) totally real
immersion in S6 whose ellipse of curvature is a circle. Then N2 is linearly full in a totally
geodesic S5. Let ~n be a unit vector perpendicular to this S5. Then
x :
(
−
π
2
,
π
2
)
×N2 −→ S6(1)
(t, p) 7→ sin(t)~n+ cos(t)f˜(p)
is a totally real immersion which satisfies the equality in δM ≤ 2. Conversely, every totally real
(non-totally geodesic) immersion of M into S6(1) satisfying
(1) δM = 2,
(2) the dimension of D is constant,
(3) D⊥ is an integrable distribution
can be locally obtained in this way.
Proposition 2. The induced metric by the immersion x on (−π2 ,
π
2 ) × N
2 is a warped product
metric.
8 MORUZ
Proof. Let t, u, v be local coordinates on (−π2 ,
π
2 )×N
2. As the normal to the totally geodesic S5
in S6 is a constant vector, we obtain that
xt = cos(t)~n− sin(t)f˜ , xu = cos(t)f˜u, xv = cos(t)f˜v.
We immediately obtain that the induced metric is given by
〈xu, xu〉 = cos
2(t)g(f˜u, f˜u), 〈xv, xv〉 = cos
2(t)g(f˜v, f˜v),
〈xu, xv〉 = cos
2(t)g(f˜u, f˜v), 〈xt, xu〉 = 〈xt, xv〉 = 0.
This concludes the proof of the main theorem. 
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